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The Complete List of Maximal Cliques of Quad(n, q), q Odd 
ANDRIES BROUWER, JOE HEMMETER AND ANDREW WOLDAR 
The graph Quad(n, q) has as its vertices all of the quadratic forms on a given vector space of 
dimension over the field of q elements, with two vertices being adjacent if the rank of their 
difference is 1 or 2. The classification of the maximal cliques of Quad(n, q), for q odd, is herein 
completed. 
Let q be a prime power, F be a field of order q and V be a vector space of finite 
dimension over F. We define the distance-regular g aph Q = Quad(n, q) as follows: 
the vertex set of Q is the set of all quadratic forms on V, with forms x and y adjacent in 
Q if the rank rk(x - y) is 1 or 2. Information on Q can be found in [3] or [1]. 
We are interested in classifying the maximal cliques of Q. This classification was 
originally addressed in [4], where the cliques of size at least q2 + q + 3 were classified, 
for q both odd and even. This work was extended in [6] and [5], to cliques of size at 
least q + 4 in the case of odd characteristic, and max{q + 4, 9} in even charadteristic. 
We summarize the results of these papers, for the odd characteristic case, in Theorem 1 
below. 
In the present work we complete the classification of the maximal cliques of Q for 
odd q. We base our new results on the answer to a similar problem for dual polar 
spaces given in [2]. The complete classification is in Theorem 3. 
Let us first briefly review what is known. From now on, we shall assume that q is 
odd. In [6], five types of maximal cliques are identified. 
For any vertex Xo of Q, the type 1 clique C(xo) is defined to be {x ~ Q: rk(x -Xo) < -
1}. For any (n - 1)-dimensional subspace W of V, we define C(W, Xo)= {x ~ Q:xlw = 
X0lw}, where Xlw denotes the restriction of x to W. C(W, Xo) is called a type 2 clique. 
Cliques of types 1 and 2 are called grand cliques. These are the only cliques the size of 
which depends on n: both types have size q". 
Let W' be any (n-2)-dimensional  subspace of V, and x0 be as above. Then 
C(W', Xo) = {x ~ Q: Rad(x - Xo) ~ W'}, where Rad(x - Xo) refers to the radical of the 
form, is called a cubic clique, since its size is q3. 
In order to describe the remaining two types of clique we need some more notation. 
If C is a clique of Q, then the translation C - x = {y - x: y E C}, where x is any vertex 
of Q, is also a clique. Now suppose that C is a grand clique containing 0, but C ~ C(0). 
Then there is an (n - 1)-dimensional subspace W(C) of V associated with C: if C(xo) is 
a type 1 clique, then W(C) = Rad(xo); for type 2 clique C(W, Xo), W(C) = W. 
Consider the clique {x} U {y E C: y -x} ,  where C is a grand clique containing 0, 
C ¢ C(0), and x is a rank 2 form. This clique is maxinal iff Rad(x)c/: W(C). Such a 
clique, and any of its translates, is called a quadratic lique. The size is always q2 + 1. 
Finally, let Ca, C2 and C3 be grand cliques with 0 E Ca 0(?2, xl e CIAC3, 
x2 ~ C2 n C3, rk(xl) = rk(x2) = 2, and Rad(x,) c~ W(Cj) for 1 ~< i ~]  ~< 2. Then (C 1 
C2) U (C2 O C3)U (C1 O Ca), and any of its translates, is a maximal clique, called a 
linear clique. The size is in {3q, 3q - 1, 3q - 2, 3q - 3, 3q - 5}. 
In [6], the following theorem is proved. 
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THEOREM 1. Let M be a maximal clique of  Q, with q odd and q >>- 5. I f  [MI ~> q + 4, 
then M is a grand, cubic, quadratic or linear clique. [] 
Next we review the results of [2] which pertain to our problem. These results concern 
the dual polar graph of type C,(q), defined as follows. Let f, be a 2n-dimensional 
vector space over a field of order q which is endowed with a non-degenerate symplectic 
form. The vertices of the dual polar graph F are the totally isotropic subspaces of f,, 
which always have dimension . Two vertices are distance i apart if the dimension of 
their intersection is n - L 
One problem addressed in [2] was the classification of {0, 1, 2}-cliques of F; that is, 
sets of vertices with the property that the distance between any two is in {0, 1, 2}. This 
classification is given in Theorem 2. 
THEOREM 2. Let M be a maximal {0, 1, 2}-clique of  dual polar graph F of  type C,(q), 
with q odd. Then M is one of the following: 
(i) astar a ±={a}U{beF:b -a} ;  
(ii) a quad {a e F: a ~ 1?¢}, where I;V is.an (n - 2)-dimensional totally isotropic subspace 
off,; 
(iii) a set of the form {c} U (a ± n {b e F: d(b, c) = 2}), where d(a, c) "--- 3; 
(iv) a set of the form (a ± n b ±) U (a ± n c ±) u (b j- n c±), where d(a, b) = d(a, c) = 
d(b, c) = 2, and a, b and c do not all lie in a quad; 
(v) a bipartite half of a subgraph isomorphic to the antiflag graph of  the Fano plane. [] 
There is a connection between the graphs Q and F, given by the following 
construction (see [3]). 
Fix vertices u and v of F, with d(u, v) = n. Then we may choose a basis {ul . . . . .  un} 
of u and a basis {v~ . . . . .  v,} of v such that {u~ . . . . .  un, v l , . . . ,  vn} is a basis of i7' and 
each {u;, vi} is a hyperbolic pair with respect o the symplectic form. Now, if a is any 
vertex of F such that d(a, u) = n, then there is a unique symmetric n x n matrix M(a) 
such that 
I M(a)~ 
a=o I ]u, 
where I is the n × n identity matrix. If we identify M(a) with the associated quadratic 
form on V, with respect o some fixed basis, then the map a ~ M(a) is a bijection from 
F,(u) = {a: d(a, u) = n} to Q. In fact, rk(M(a) - M(a'))  = d -  dim(a n a') for all 
a. a' e F,,(u), so that M is an isomorphism from the distance-1 or -2 graph induced by 
F,(u) to the graph Q. 
Using this isomorphism we can see the connection between the cliques of Q and the 
{0, 1, 2}-cliques of F: every maximal clique of Q corresponds to F~(u) n C, where C is 
some maximal clique of F. The correspondences for the known cliques are then as 
follows: 
(1) The grand cliques of Q correspond to the stars of F. The clique associated with 
a ± n F~(u) is a type 1 clique if d(a, u) = n, and a type 2 clique if d(a, u) = n - 1. 
(2) The cubic cliques are associated with the quads of F. 
(3) The quadratic liques are associated with the cliques of part (iii) of Theorem 2. 
(4) The linear cliques are associated with the cliques of part (iv) of Theorem 2. 
We note that even though Theorem 1 was proved only for q1>5, the above 
correspondence works for q = 3 as well: that is, the grand, cubic, quadratic and linear 
cliques are the maximal cliques of Quad(n, 3) which correspond to the cliques of parts 
(i)-(iv) of Theorem 2. 
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The complete classification of the cliques of Q, for all odd q, is now easily finished. 
Let us refer to the cliques of part (v) of Theorem 2 as Fano cliques. 
THEOREM 3. Let M be a maximal clique of Q, with q odd, and suppose that M is not 
a grand, cubic, quadratic or linear clique. Then M is the isomorphic image of some Fanb 
clique C which lies entirely inside F~(u). Hence IMI = 7. 
PROOF. Since M is not grand, cubic, quadratic or linear, we know that M is the 
isomorphic image of F, (u)n C, where C is a Fano clique. The only thing to prove, 
then, is that C must lie entirely in F~(u). To do this, we recall some facts from [2] and 
[6]: 
(1) For any vertex c of the Fano clique C, there are vertices p, q, r E F such that 
C\{c} = (p± U q±) n C = (p± O r -L) n C = (q± U r ±) n C. 
(2) Any maximal clique of Q which lies inside the union of two intersecting rand 
cliques must be grand, quadratic or linear. (See Lemma 5.3 of [6] for q I> 5. The case 
q = 3 can be established independently.) 
Let p, q and r be chosen according to (1), and let K1, K2 and K3 be the grand cliques 
of Q associated with p±, q± and r ±, respectively. Then M ~_ Ki U Kj for i ~ j ,  and (2) 
implies that K; n Kj = 0,  which is ridiculous. [] 
REMARK. The maximal cliques described in Theorem 3 do actually exist, for all 
n 1> 3 and q odd. Behold: ( 10 
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We finally note that while a theorem analogous to Theorem 1 holds for the even 
characteristic ase, Theorem 3 may not have an even characteristic analogue. In 
particular, chques of size 8 which are not contained in any grand, cubic, quadratic or 
linear clique have been identified (see [5] for details). 
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